The formulation of Theorem 1.1 freely employs the basic definitions from the dictionary of [7] (and shall I continue this habit throughout this paper).
The most notable tool used to derive Theorem 1.1 is an analog of the admissible homomorphisms of Adams and Mahmud [l] or Adams and Wojtkowiak [2] . Definition 2.1. The homomorphism f: Xi +X2 is a rational isomorphism if the homomorphism H&(BfO) : H&(SXy ) e H&(SX!), induced by the restrictionf' offto the identity components, is an isomorphism.
As in [7,1.5] , the cohomology theory H&-) is defined as H*(-; Z,") 0 Q. Let ea(X1, X,) G Rep(Xr,X,) denote the set of conjugacy classes of rational isomorphisms from X1 to Xz and &c(X):= &c(X, X) the monoid of rational isomorphisms from X to itself.
Assume from now on that X, X1, and Xz are connected p-compact groups.
LEMMA 2.2. Let f: X 1 -+ X2 be a homomorphism between connected p-compact groups.
Then the following are equivalent:
(1) n.+(f) @ Q is an isomorphism.
(2) H;,(f) is an isomorphism. (3) H&(Bf) is an isomorphism. (4) n*(Bf) @ Q is an isomorphism.
Proof: By the Milnor-Moore theorem [14] , the Hopf algebra HzP(Xj), where H:P(-) := H,(-; Zi ) @ Cl, is naturally isomorphic to the universal enveloping algebra of the Lie algebra I* @ Q with the Samelson product determining the Lie bracket, j = 1,2. Thus (1) + (2). That (2) + (3) follows from the (collapsing) bar construction spectral sequence [ 12, Corollary 7 
.1 S]
TorH?*(XJ)(QSp, Q,) =S HzP(BXj).
If (3) holds, the Eilenberg-Moore spectral sequence [12, Theorem 7.11 TorHbp MJX~) cQ,&wm = Gp (WXl) shows that the fiber X2/X1 of B'is a torsion space and (4) follows. Finally (4)0(l) is an immediate consequence of the homotopy exact sequence. 0
A special class of rational isomorphisms are provided by the isogenies.
DeJinition 2.3.
A homomorphism f: X1 + X2 between connected p-compact groups is an isogeny if X2/X1 2: Bn: for some finite p-group z.
Let Cov(X,, X,) G ec(Xi, X,) denote the set of isogenies, or finite covering homomorphisms, of X1 to Xz and Cov(X):= Cov(X,X) the monoid of isogenies of X to itself.
Obstruction theory and [16, Theorem 6 .31 prove a lifting criterion similar to [19, Proposition 1.21 . Below, and elsewhere in the paper, I use the notation from [7, 3. An isogeny is an example of an epimorphism [7, 3 .2] of p-compact groups. In fact, if cdFP(X1) = cdF,(X2) then f: X1 -+ X2 is an isogeny if and only if f is an epimorphism, [7, Proposition 6.141 . Any isogeny to a simply connected p-compact group is an isomorphism.
The mod p cohomological dimension cdFp(X) occurring above is defined [7, Definition 6 .131 to be the largest integer d such that Hd(X; IF,) # 0. A homomorphism Xi +X2 of p-compact groups is said to be a monomorphism if [7,3.2] the homogeneous space X2/X1 is Edfinite. Proof The first assertion is [17, Proposition 3.73 . If f is an epimorphic rational isomorphism, Q(X,/X,) is a p-compact group whose identity component has rational rank [7,5.9] zero, hence [7, Lemma 5 .101 a finite p-group.
q Thus an isogeny is the same thing as an epimorphic rational isomorphism. The endomorphism Qti3 of the 3-compact group W(2); is an example of a rational isomorphism that is not an epimorphism, in particular not an isogeny; see also Corollary 4.5 for more information about the relation between isogenies and rational isomorphisms.
Recall [17, Lemma 3 .33 that the universal cover X(1) of the connected p-compact group X is again a p-compact group. We may elaborate a little on point (2) in Proposition 2.6. Let Y be a simply connected p-compact group with center [ 17, S] Z(Y) and let S be a p-compact torus. For any subgroup K < Z(Y) and any homomorphism cp E Rep(K, S), define (inspired by and borrowing notation form [3] ) the p-compact group Y x S/(K, cp) by requiring (incldp) 4 K -YXS + YxS/(K,cp) (1) to be an exact sequence of p-compact groups; see [7, Proposition 8.31 and [17, Proposition 4. 61. An isogeny as q of the short exact sequence (1) arising by factoring out the graph of a homomorphism cp : K --t S defined on a central subgroup of Y, will be called a special isogeny. Note that the isogeny of [ 17, Theorem 5 .41 occurring in point (2) of Proposition 2.6 is special. The following proposition is therefore an immediate consequence of Proposition 2.6. PROPOSITION 2.8. Let X be a connected p-compact group; let Y = X( 1) denote the universal covering p-compact group of X and S = Z(X), the identity component of the center of X. Then any p-compact group locally isomorphic to X is isomorphic to for some subgroup K < Z(Y) and some cp E Rep(K, S).
Since Y is simply connected, its center Z(Y) is a finite abelian p-group [ 17, Theorem 5.33 and it follows in particular that the local isomorphism type of X contains only finitely many isomorphism classes of p-compact groups.
Endomorphisms of p-compact tori have particularly nice properties. Let, for any endomorphism cp: T + T of a p-compact torus T, $: f'+ p denote the discrete approximation [17, 2.7; 8, Proposition 3.21 to cp. (1) cp is a rational isomorphism. B(coker rrl (rp)) with coker rrl (cp) a finite p-group; i.e. cp is an epimorphism (even an isogeny). If (3) holds, R(T/(p(T)) is a p-compact group and n, (T/cp( T)) E coker zn, (cp) a finite p-group. Hence x1(~) @ Q is an automorphism and the induced endomorphism ;P on x,(T) @ Q/n,(T) = Fan epimorphism. If (4) holds, the Snake lemma tells that the Qdvector space coker(n, (cp) @ Q) is a quotient of the countable abelian cokerrr,(cp). Hence rrr(cp) @ Q must be an isomorphism which is the content of (1) . 0
In other words, Lemma 2.9 says that co(T) = Cov(T The factorization criterion, an analog of a very basic fact in (Lie) group theory, of -Corollary 2.11 is obtained from Lemma 2.10 by applying the functor no to Bq. The centralizer of U in Y, denoted C,(U), C,(g), or C,(gU), is [7,3.4 ] the loop space of B&(U) = map(BU, BY)Bg.
CENTRALIZERS OF p-COMPACT TORAL GROUPS
The key technical results of this paper, dealing with centralizers [7,3.4 ] of p-compact toral groups, are contained in this section. They lead to the consequence, analogous to the Lie group case [1, 2] , that homomorphisms between p-compact groups lift to homomorphisms between the respective maximal tori and that these lifts are unique up to left action by the Weyl group of the target.
Let G be a p-compact toral group, i.e. an extension [7, Definition 6 .31 of a p-compact torus by a finite p-group, X a p-compact group with maximal torus i : T -+ X, and Cx(fG) the centralizer of some homomorphism f: G -+ X; the centralizer C,( fG) is [ Mapping BG into Bi: BT + BX, which we assume has been turned into a fibration, produces another fibration of mapping spaces
where the fiber over Bfis displayed. The Weyl space monoid [8, Definition 9.21 acts on this fibration with trivial action on the base space and the Weyl group W,(X) acts on the associated exact sequence
of sets. Define W,(X)BV < W,(X)" < W,(X) to be the isotropy subgroup at Bq E a0 ((X/T)hG), respectively rp E Rep(G, T). Note that the set i;'(f) E Rep(G, T) of conjugacy classes of lifts off is a W,(X)-set.
The essential idea of the proof of Theorem 3.1 is due to Bill Dwyer during a conversation at the Tech Centennial Homotopy Conference. Computing the cardinality of the set of components of the space (X/T)hG of lifts of Bf is the first step. This space of lifts occurs as the fiber of the fibration The final step is a counting argument.
Consider the orbit W,(X). Bq E zO((X/T)"').
As The p-compact toral group G could in particular be a p-compact torus. for any p-compact torus S and any connected p-compact group X.
is injective for any p-compact group G as in Theorem 3.1. If G = S is a p-compact torus this map is even a bijection by Corollary 3.3. This was also proved in [18] . (2) In case f is a rational isomorphism a stronger version is possible, cf. [lo, Proposition 1.21. If there exists a rational isomorphism between the p-compact groups X1 and XZ then they have the same rational rank [8,5.9] so [7, Theorem 9 .71 there exists a p-compact torus T with homomorphisms iI : T + X1 and iz : T -+ X2 making Tinto a maximal torus for both p-compact groups. Proof: (1) We only need to show that cp is a rational isomorphism for then cp is actually an isogeny by Lemma 2.9. Note that by replacing X1 and X2 by their respective identity components it represents no loss of generality to assume that X1 and X2 are connected p-compact groups.
Let w1 E WI be represented by a map w1 : BT + BT over BX. Since Bq 0 w1 covers Bf, Bq 0 w1 is (Theorem 3.5(2)) (vertically) homotopic to w2 0 Bq for some w2 E W,. Hence is an isomorphism, the endomorphism S(cp*) of the symmetric algebra S(V) = Hgr(BT) restricts to an isomorphism S( V)wl c S( V)wz of invariant algebras [8, Theorem 9.71; thus S( V)"l = s((p*)(S( V)W') = S(cp*( V))"l which, as any nontrivial WI-invariant complement to rp*( V) would contribute effectively to SVYW', implies that q*(V) = V, i.e. that (p* is an isomorphism.
(2) Since cp is an epimorphism, Suppose cp : T + T is an isomorphism and that Bq covers Bf as in point (1). Replacing iz by i2 0 q we may even assume that cp is the identity, i.e. that i2 : T + X2 admits the factorization i2 =fo iI. Since also WI = W,, this implies that the p-normalizer [7, Definition 9.81 of T in Xi, Np, equals the p-normalizer of T in Xz and that the natural monomorphism Np + X1 followed by f is the natural monomorphism Np + Xz. Thus f 1 Np is a monomorphism and so is f by [ 17, Theorem 2.171. Consequently, fis a monomorphic rational isomorphism inducing an isomorphism on the groups of components, i.e. an isomorphism by Lemma 2.5. n
In the language of [20, Definition 1.11, the homomorphism rp from point (1) of Theorem 3.6 induces a Wr(cp)-admissible monomorphism x1((p): xi(T) + q(T) (provided no(f) is an isomorphism).
CLASSIFICATION OF RATIONAL ISOMORPHISMS
The aim of this section is to relate the set of rational isomorphisms between two locally isomorphic p-compact groups to the monoid of rational automorphisms of their universal covering p-compact group. We begin by showing that the center construction is a functor on the category of p-compact groups with rational isomorphisms.
Let X1 and X2 be two connected p-compact groups with maximal tori iI : T-r X1 and i2 : T + X2 of the same rank; let WI and W, denote the associated Weyl groups.
Rational isomorphisms between p-compact groups behave like epimorphisms between Lie groups in that they preserve centrality. The uniqueness clause ensures that Z(f, ofi) = Z(f2) 0 Z(fr ) whenever the rational isomorphisms fi and f2 are composable; in particular, Z(f) is an isomorphism for any isomorphism,f: This center functor plays a central role in the computation of the set of rational isomorphisms between locally isomorphic p-compact groups.
Assume from now on that X1 and Xz are locally isomorphic, i.e. (Proposition 2.8) that there exist special finite covering homomorphisms (as in the short exact sequence (1) of Section 2)
for some simply connected p-compact group Y, some p-compact torus S, some finite subgroups Kj < Z(Y), and some homomorphisms 'pj: Kj + S, j = 1,2.
The aim is to relate sc(X,,X,) to &c(y) and &c(S). Let f:X, + Xz be any rational isomorphism.
The composite maps (1) The map is injective. 
(2) For f~ E~(X,, X2), g E .Q,( Y), and h E Ed, A(f) = (g, h) if and only if the diagram

= map@ Y x BS, B Y)B@ O prer x map(B Y x BS, BS h, a pT.S = map(BY,map(BS,By)~),~~.~~ x~~P(BS,~~P(BY,BS)~)~~~.~~ = map(BY, BY), x map(BS, BS)BI
where the second homeomorphism is provided by adjointness and the homotopy equivalence is induced by composition with evaluation maps.
Moreover 
. Let f E ec(X, ,X2) be a rational isomorphism with A(f) = (g, h) E E~( Y) x cQ(S). Then:
(
1) f is an isogeny if and only if g is an isomorphism. (2) f is an isomorphism if and only if g and h are isomorphisms.
Proof: Diagram (7) Proof: Let (gl,hl):X1 +X2 and (g2,h2):Xz -+ X1 be isogenies where gl, g2 E Out(Y) and hl, h2 E Cov(S) as in Theorem 4.3. Observe that Z(g,) and Z(g2) are isomorphisms and that Z(g,) I K1 takes K1 isomorphically to that the commutative diagram KZ. Injectivity of the p-discrete torus S implies + -s can be completed by some homomorphism h : S --f S and an application of Nakayama's lemma [15, Lemma 3.2) shows that h may be chosen to be an isomorphism. Then (gr , h) : X1 + X2 is an isomorphism of p-compact groups. 0
In contrast, two compact connected Lie groups may cover each other without being isomorphic [3] . 
CENTRALIZERS OF RATIONAL AUTOMORPHISMS
The purpose of this section is to investigate centralizers of endomorphisms that are rational isomorphisms. It is shown that any nontrivial endomorphism of a connected simple p-compact group is a rational isomorphism and in case p divides the Weyl group order even a homotopy equivalence.
Let X be a p-compact group with maximal torus i: T + X. The associated Weyl space wT(X) is the group-like topological monoid of self-maps of BT over SX [7, Definition 9.21 . Define [7, Definition 9 .81 BN(T) to be the total space in the fibration
BT--+ BN(T) + B%""T(X) = BW,(X)
for which the monodromy action is the inclusion homomorphism QB7FT(X) = w=(X)~aut(BT) of the Weyl space monoid into the group-like topological monoid aut(BT) of self-homotopy equivalences of BT. Let also Sincefis not a rational isomorphism and H&,(BT) an irreducible W,(X)-representation, T(f) is trivial. Then f itself is trivial by Corollary 6.7 below. 0
Under the additional assumption that p divides the order of the Weyl group an even stronger statement, which may be seen as a generalization of Ishiguro's theorem [9] , holds. Choose an element w E W, of order p (remember that p divides the order of W,(X)) with a lifting g E &JT). Since the discrete approximation F to T is p-divisible, gp = tP for some tE TThengt-' E GTp( 2') has order p and projects onto w; denote also by w this lift gt -1 of w. Note that Hi,(f)(w) # 1.
Let (w) c NTp(T) be the cyclic group generated by w and B(j, In the Lie group case the above corollary is contained in [ll, Theorem 31.
A TRIVIALITY CRITERION
The purpose of this section is to prove that any p-compact group homomorphism that vanishes on all elements is trivial.
A homomorphismf: X --, Y between p-compact groups is said to vanish on all elements if is trivial for any n 2 1 and any homomorphism < : Z/p" + X. (A homomorphism is trivial if the corresponding map of classifying spaces is null homotopic.) The point is that the only saturated class is [8, Theorem 9 .21 the class of all p-compact groups. Now let W be the class of all p-compact groups X with the property that any homomorphism defined on X that vanishes on all elements is trivial. The strategy is to show that W is saturated. Obviously, %' is closed under isomorphisms. Proof: Suppose that X is a p-compact toral group andf: X + Y a homomorphism that vanishes on all elements. Then kerf = X so f is trivial by [7, Lemma 7.73 . 0 Assume the order of this obstruction is p" (any element of this cohomology group has finite order). Then it is possible to find a homomorphism z/pm+, -+X such that (9) is homotopy equivalent to the space of maps from the nerve of the category Ax to BY. But since the nerve has the lFdcohomology of a point [8, Proposition 8 .21, we conclude that (9) is homotopy equivalent to BY. In particular, map(BX, BY)R is connected, meaning that the set R contains only the trivial homomorphism 0 E Rep(X, Y).
q Together with the induction principle, Lemmas 6.3-6.5 prove Theorem 6.1. Two easy corollaries can be obtained by combining Theorem 6.1 with the facts that any element of an arbitrary p-compact group is conjugate to an element of the p-normalizer and any element of a connected p-compact group is conjugate to an element of the maximal torus. (2) and (3) follows.
Assuming (2), let 5 : Z/p" + X be any homomorphism from a cyclic p-group into X. Choosing a homomorphism i : Z/p" -+ T with i 0 i conjugate to 5 shows that BP B5 = BfiBioBc = *. Hence f is trivial by Theorem 6.1. 0
